ABSTRACT. We study various types of shadowing properties and their implication for C 1 generic vector fields. We show that, generically, any of the following three hypotheses implies that an isolated set is topologically transitive and hyperbolic: (i) the set is chain transitive and satisfies the (classical) shadowing property, (ii) the set satisfies the limit shadowing property, or (iii) the set satisfies the (asymptotic) shadowing property with the additional hypothesis that stable and unstable manifolds of any pair of critical orbits intersect each other. In our proof we essentially rely on the property of chain transitivity and, in particular, show that it is implied by the limit shadowing property. We also apply our results to divergence-free vector fields.
INTRODUCTION
In studying dynamical systems one is often confronted with the necessity of approximation of individual orbits. For example, numerical studies require approximations due to the fact of the finite precision of a computer simulation. But it also appears in theoretical studies. There exist several concepts to formalize approximation. Let us start to explain some of them that will be studied in this paper.
Let us consider a closed n-dimensional Riemannian manifold (M, d), n ≥ 3. Denote by X 1 (M ) the set of all C 1 vector fields on M endowed with the C 1 topology and consider the flow (X t ) t∈R generated by X ∈ X 1 (M ). Given δ > 0, a (possibly) infinite sequence, {(x i , t i )} i∈Z , of points x i ∈ M and positive integers t i is a δ-pseudo orbit of X if for all i ∈ Z we have d(X ti (x i ), x i+1 ) < δ.
Let us now specify what we mean by approximation. Define the sequence (s i ) i∈Z by s 0 = 0, s n = n−1 i=0 t i , and s −n = − −1 i=−n t i , n ∈ N. We say that a δ-pseudo orbit, {(x i , t i )} i∈Z , of X is ǫ-shadowed by the orbit through a point x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 satisfying the following: For each i ∈ Z we have d(X h(t) (x), X t−si (x i )) < ǫ for all s i ≤ t < s i+1 .
Observe that the homeomorphism h does not alter trajectories, it only alters the speed of the displacement, that is, reparametrizes the trajectories.
It will be convenient for us to work with sets which are isolated in a certain sense. We call a invariant set Λ ⊂ M isolated if there exist an open (isolating) neighborhood U of Λ such that Λ = t∈R X t (U ).
Let Λ be an isolated set of X ∈ X 1 (M ). The vector field X has the shadowing property in Λ, if for any ǫ > 0 there exists δ > 0 such that any δ-pseudo orbit of X in Λ is ǫ-shadowed by some orbit of X in Λ. In the case that Λ = M we simply say that X has the shadowing property.
The shadowing property is central in hyperbolic dynamics. One of its consequences is, for example, the C 1 structural stability of uniformly hyperbolic dynamical systems (see, for example, [27] for more details and for the proof of this classical fact in the case of time-discrete and continuous systems).
Recall that a flow is called Anosov flow if the whole manifold M is uniformly hyperbolic (see [12] for more information). It is well-known that every transitive Anosov flow has the shadowing property. More generally, if the Anosov flow is not transitive then its nonwandering set splits into a disjoint union of isolated transitive sets which have the shadowing property (see [13] ). We know that the reverse implication is not true in general, that is, there are flows having the shadowing property which are not Anosov. For example, Morse Smale vector fields are structurally stable and therefore have the shadowing property, however they are not Anosov. In [33] , Lewowicz constructed examples of transitive diffeomorphisms with the shadowing property which are not Anosov. So it is natural to ask when the shadowing property implies hyperbolicity. Recalling the above mentioned fact about spectral decomposition of non-transitivity sets, it is natural to restrict our attention to sets on which the flow is transitive. As we will be interested in pseudo-orbits, the appropriated concept to study will be chain transitivity.
Let X ∈ X 1 (M ) and Λ ⊂ M isolated. We say that X is chain transitive in Λ, or simply that Λ is chain transitive, if for any points x, y ∈ Λ and any δ > 0, there exists a finite δ-pseudo orbit {(x i , t i )} 0≤i≤K of X contained in Λ, such that x 0 = x and x K = y. If Λ = M we simply say that X is chain transitive. Observe that transitivity implies chain transitivity and, generically, both concepts are equivalent (see below).
We believe that in general transitive isolated sets with the shadowing property are hyperbolic, although we are unable to prove this fact. Instead, we will prove this assertion for "most" systems, namely, for a residual set of systems. We recall that a subset R ⊂ X 1 (M ) is called residual if it contains a countable intersection of open and dense subsets of X 1 (M ). Since X 1 (M ) is a Baire space, when equipped with the C 1 -topology, any residual subset of X 1 (M ) is dense. A property is called C 1 -generic if it holds in a residual subset of X 1 (M ). The expression C 1 -generic vector field will refer to a vector field in a certain residual subset of X 1 (M ), which was previously displayed. One of our motivations is the following result by Abdenur and Díaz [1] . They show that a locally maximal transitive set Λ of a C 1 -generic diffeomorphism f is either hyperbolic, or there are a C 1 neighborhood U(f ) of f and a neighborhood V of Λ such that every g ∈ U(f ) does not have the shadowing property on V (here they use the concept of shadowing appropriate for diffeomorphisms). We will generalize this result to vector fields for an isolated set. The following is our first main result.
Theorem A. Let Λ be an isolated set. There exists a residual subset R of X 1 (M ) such that X ∈ R is chain transitive and has the shadowing property in Λ if only if Λ is a transitive hyperbolic set .
Observe that, as a consequence of Theorem A, if X ∈ R is chain transitive and has the shadowing property (on M ) then X t is a transitive Anosov flow.
As a kind of generalization of the shadowing property, Blank [10] introduced the notion of the average shadowing property in the study of chaotic dynamical systems. Roughly speaking, it does allow large errors, however they must be compensated with small errors. A sequence {(x i , t i )} i∈Z is a δ-average-pseudo orbit of X, if t i ≥ 1 for every i ∈ Z and there is a positive integer N such that for any n ≥ N and k ∈ Z we have
A δ-average-pseudo orbit, {(x i , t i )} i∈Z , of X is positively ǫ-shadowed in average by the orbit of X through a point x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that
where as before we put s 0 = 0 and s n = n−1 i=0 t i , n ∈ N. We say that it is negatively ǫ-shadowed in average by the orbit of X through x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 for which (1) holds when replacing h by h and the limits of integration by −s −i and −s −i+1 (in this case s −n = −1 i=−n t i ). Given an isolated set Λ of X ∈ X 1 (M ), the vector field X has the average shadowing property in Λ, if for any ǫ > 0 there exists δ > 0 such that any δ-average-pseudo orbit of X in Λ is both positively and negatively ǫ-shadowed in average by some orbit of X in Λ. We say that X has the average shadowing property when Λ is the whole M .
We will study also one more shadowing-like concept which was introduced by Eirola, Nevalinna and Pilyugin [16] . They propose the notion of the limit-shadowing property. From the numerical point of view this property means that if we apply a numerical method of approximation to a vector field so that one-step errors tend to zero as time goes to infinity then the numerically obtained trajectories tend to real orbits to the flow. Such situations arise, for example, when one is not interested in the initial transient behavior of trajectories but instead wants to detect interesting asymptotic phenomena (for example certain behavior of an attractor) with good accuracy. To be more precise, we say that a sequence {(x i , t i )} i∈Z is a limit-pseudo orbit of X, if t i ≥ 1 for every i ∈ Z and
A limit-pseudo orbit, {(x i , t i )} i∈Z , of X is positively shadowed in limit by an orbit of X through a point x, if there is an orientation preserving homeomorphism h : R → R with h(0) = 0 such that
Analogously, as we did before, we define when a limit-pseudo orbit is said to be negatively shadowed in limit by an orbit. Given an isolated set Λ of X ∈ X 1 (M ), the vector field X has the limit shadowing property in Λ, if every limit-pseudo orbit in Λ is both positively and negatively shadowed in limit by an orbit of X in Λ. We say that X has the limit shadowing property when Λ is the whole M .
Finally, Gu [23] introduced the notion of the asymptotic average shadowing property for flows which is particularly well adapted to random dynamical systems. A sequence {(x i , t i )} i∈Z is an asymptotic average-pseudo orbit of X, if t i ≥ 1 for every i ∈ Z and
An asymptotic average-pseudo orbit, {(x i , t i )} i∈Z , of X is positively asymptotically shadowed in average by an orbit of X through x, if there exists an orientation preserving homeomorphism h : R → R such that
Again where s 0 = 0 and s n = n−1 i=0 t i , n ∈ N. Similarly an asymptotic averagepseudo orbit is negatively asymptotic shadowed in average by an orbit of X through x, if there exists an orientation preserving homeomorphism h : R → R with h(0) = 0 for which the limit (3) is true when replacing h by h and the limits of integration by −s −i and −s −i+1 (in this case s −n = −1 i=−n t i ). Given an isolated set Λ of X ∈ X 1 (M ). The vector field X has the asymptotic average shadowing property in Λ, if every asymptotic average-pseudo orbit in Λ is both positively and negatively asymptotically shadowed in average by an orbit of X in Λ. We say that X has the asymptotic average shadowing property when Λ is the whole M .
Before formulating our second main result, let us briefly discuss the relation between the above shadowing concepts. Note that they are not equivalent. Recall that Morse Smale vector fields admit sinks and sources. As we will see below (see Propositions 18 and 20) the average shadowing, the asymptotic average shadowing, and the limit shadowing properties each imply that there are neither sinks nor source in the system. Thus, a Morse Smale vector field is an example of a vector field which has the shadowing property but does not have any of the other shadowing concepts. Examples of systems which has the asymptotic average shadowing property or the limit shadowing property, but do not have the shadowing property can found in [22] and [34] , respectively.
We will show that any of the above shadowing concepts relate to hyperbolicity. Here we will include in our studies flow that in general can have singularities. Posteriori we will derive that the latter four shadowing properties in fact imply the absence of singularities. We refer to Komuro [28] for a discussion of shadowing in the Lorenz flow containing one singularity. Let us denote by Crit(X) the set of critical orbits of X, that is, the set formed by all periodic orbits and all singularities of X. By the Stable Manifold Theorem [26] , if O is a hyperbolic critical orbit of X with splitting Finally, let us state our second main result that relates hyperbolicity to the various concepts of shadowing defined above.
Theorem B. Let Λ be an isolated set. There exists a residual subset R of X 1 (M ) such that if X ∈ R satisfies any one of the following properties in Λ:
(1) X has the limit shadowing property in Λ, (2) X has the average shadowing property and
3) X has the asymptotic average shadowing property and
then Λ is a transitive hyperbolic set.
As before, we can observe that in the case that X ∈ R satisfy one of the properties of Theorem B (on M ) then X t is a transitive Anosov flow.
Let us discuss some results related to the one above. First, in [30] the author shows that a C 1 -generic diffeomorphism in a locally maximal homoclinic class (in a set which a priori contains saddle-type periodic points) has the limit shadowing property if, and only if, the homoclinic class is hyperbolic. Here we will prove that a C 1 -generic vector field which is chain transitive in an isolated set admits periodic points in the set, and prove also that such vector fields admits neither sinks nor sources, so in fact a posteriori we show that there are saddle-type periodic points in the set.
Second, Theorem A is the versions for vector fields of the corresponding results [31] for diffeomorphisms. The analysis of shadowing for flows is certainly more complicated than for maps due to presence of reparametrization of the trajectories and the (possible) presence of singularities. The results in [30] and [31] can now be obtained from the above results by the consideration of suspension flows. Complementing these results with the other types of shadowing which we consider here, we have the following. Now we observe that the main results are verified for divergence-free vector fields in manifolds of the dimensions greater than or equal 3. We denote by µ the Lebesgue measure induced by the Riemannian volume form on M . We say that a vector field X is divergencefree if its divergence is equal to zero or equivalently if the measure µ is invariant for the associated flow, X t , t ∈ R. In this case we say that the flow is conservative or volumepreserving. We denote by X 1 µ (M ) the space of C 1 -divergence-free vector fields of M .
We assume that X 1 µ (M ) is endowed with the C 1 Whitney (or strong) vector field topology which turn these space completed in the sense of Baire.
We recall that an isolated set Λ is topologically mixing if for all open sets U and V of Λ there is N > 0 such that U ∩ X t (V ) = ∅, ∀ t ≥ N. In the case that Λ = M we simply say that X is topologically mixing. Clearly, the topologically mixing vector fields are transitive (so, chain transitive).
Theorem 2. Let Λ be an isolated set. There exists a residual subset
R of X 1 µ (M ) such that if X ∈
R satisfies any one of the following properties in Λ:
(1) X has the shadowing property, (2) X has the limit shadowing property, (3) X has the average shadowing property and
The definitions of chain transitivity, hyperbolicity and shadowing for the case of diffeomorphisms are analogous to the ones in the case of flows. See [27, 37] for definitions.
(4) X has the asymptotic average shadowing property and
then Λ is a topologically mixing hyperbolic set. In particular, if X satisfy one of the properties above in the manifold M , then X t is a topologically mixing Anosov flow.
Let us briefly sketch the proof of Theorem A and B. We first prove a more general result (Theorem 9) that says that for a C 1 -generic vector field a chain transitive isolated set Λ whose invariants manifolds of the critical orbits in Λ have non-empty intersection, is transitive uniformly hyperbolic. Then we will construct explicitly a residual set, and show that the vector field satisfying the hypotheses of Theorem A (Theorem B) meets also the hypothesis of Theorem 9.
This paper is organized as follows. In Section 2 we exhibit some properties of chain transitive sets, that will be needed for the proofs of the main results. In Section 3 we prove a general result that will be the key to prove Theorems A and B. In Section 4 we prove that C 1 -generic vector fields with the limit shadowing property are chain transitive, which in turn is a necessary condition to prove one of the items of Theorem B. Finally we prove Theorems A and B. The Section 5 is devoted to a brief discussion of the arguments for divergence-free vector fields that are used in the proof of Theorem 2.
PROPERTIES OF CHAIN TRANSITIVE SETS
In the sequel we will always consider a vector field X ∈ X 1 (M ), where M is a closed Riemannian manifold of dimension n ≥ 3 and Λ is an isolated set of M which is not simply a periodic orbit or a singularity. In this section we will exhibit some properties of chain transitive sets that will be needed below. First we remark that chain transitivity implies non-existence of sinks and sources in Λ. More general, an invariant set is chain transitive if, and only if, it does not contain proper attractors. Let us recall this notions.
A compact invariant set Λ is attracting if Λ = t≥0 X t (U ) for some neighborhood U of Λ satisfying, X t (U ) ⊂ U for all t > 0. An attractor of X is a transitive attracting set of X and a repeller is an attractor for −X. We say that Λ is a proper attractor or repeller if ∅ = Λ = M . A sink (source) of X is a attracting (repelling) critical orbit of X.
We recall that a point x ∈ M is a chain recurrent point if for any ǫ > 0 there is an ǫ-pseudo orbit of X from x to x. A subset A ⊂ M is chain recurrent set if any x ∈ A is a chain recurrent point.
The next result say that the chain transitivity implies the absence of proper attractor and the inverse implication is true.
Proposition 3. A vector field X is chain transitive in an isolated set Λ if, and only if, Λ has no proper attractor for X.
Proof. Necessity. Assume there is a proper attractor A in Λ. Then A = ∅ and Λ \ A = ∅. Since A is an attractor, there is an ǫ > 0 such that
Therefore, we cannot have x m = y. This contradicts the chain transitiveness. Sufficiency. Given a, b ∈ Λ and ǫ > 0, is sufficient to prove that there exists an ǫ-pseudo orbit from a to b. Since Λ has no proper attractor, we have that [14, p. 37] implies that Λ is chain recurrent set. Let V be a set formed by all points x ∈ Λ for which there is an ǫ-pseudo orbit connecting a to x; this set contains a.
there is an open neighborhood U of z in Λ such that for any
Now, we assert that X t (V ) ⊂ V for all t > 0 . Indeed, for any z ∈ V , by continuity of X t at z, we can choose a y ∈ V such that d(X t (y),
an ǫ-pseudo orbit in Λ connecting a to y, (y 0 = a and y m = y). Then the sequence {( y i , t i )} m+1 i=0 defined as follows: y i = y i , 0 ≤ i ≤ m, and y m+1 = X 1 (z) where t i = t i , 0 ≤ i < m and t m = 1, is an ǫ-pseudo orbit connecting a to X 1 (z). Therefore, X 1 (z) ∈ V . Proceeding inductively, with this same reasoning we obtain the conclusion of the statement.
By compactness of Λ and [25, Lemma 3.1.1] applied to X in Λ, follows that ω(V ) is nonempty, compact, invariant and
is an attractor in Λ. As Λ no has proper attractor we have that ω(V ) = Λ. Now, b ∈ Λ = V , then by the definition of V , there is an ǫ-pseudo orbit in Λ connecting a to b. Therefore, we conclude that X is chain transitive in Λ.
Here we will quote a result by Bonatti and Crovisier. For a C 1 -generic vector field the non-wandering set coincides with the chain recurrent set (see [11] for the case of diffeomorphisms and [7] for the case of conservative flows). The proof for the general case is verbatim to [7] . As a direct consequence of [11, Theorem 1.1] we have the following result.
Theorem 4. There exists a
We also recall that the Hausdorff distance between two compact subsets A and B of M is given by:
Theorem 5. [15, Theorem 4]
There exists a residual set R of X 1 (M ) such that for any vector field X ∈ R, a compact invariant set Λ is the limit (for the Hausdorff distance) of a sequence of periodic orbits if and only if X is chain transitive in Λ.
As a consequence we have the next result for isolated sets.
Lemma 6. Let Λ be an isolated set and X ∈ X 1 (M ) be a C 1 -generic vector field which is chain transitive in Λ, then X has a periodic orbit in Λ.
Proof. Let X ∈ X 1 (M ) be a vector field in the residual of Theorem 5 and U be a neighborhood isolating of Λ. Then there exists a sequence of hyperbolic periodic orbits O n of
For n sufficiently large the periodic orbits are contained in U , O n ⊂ U . Therefore, Λ contains a hyperbolic periodic orbit of X.
Let us
recall the notion of Morse index. By a closed orbit we mean a periodic orbit or a singularity. A closed orbit O is hyperbolic if it does as a compact invariant set. In such a case we define its Morse index I(O) = dim(E s O ), where dim(.) stands for the dimension operation. If O reduces to a singularity σ, then we write I(σ) instead of I
({σ}).
A vector field X ∈ X 1 (M ) is Kupka-Smale if its critical orbits are all hyperbolic and moreover their stable and unstable manifolds intersect transversally. The Kupka-Smale vectors fields form a residual subset in X 1 (M ), [29] (see [38] for diffeomorphisms).
Lemma 7.
Let Λ be an isolated set and
Proof. Let X be a Kupka Smale vector field in the residual set given by Theorem 5, and γ a hyperbolic periodic orbit of X in Λ with index j. Suppose that X has a hyperbolic singularity σ ∈ Λ with index i.
As X is a Kupka-Smale vector field we have dimW
and we can split
and by the same arguments we have a contradiction. Thus X has no singularities in Λ.
As a consequence of Propositions 3 and Lemma 7, we have that the hyperbolic periodic orbits of X in Λ have constant indices.
Lemma 8. Let Λ be an isolated set and X
Proof. Let γ 1 and γ 2 be hyperbolic periodic orbits saddle-type of X in Λ, since by Proposition 3, X not admits sink ou source. Suppose that γ 1 has index i and γ 2 has index j, with i = j.
If j < i (the other case is similar) then
Take X a Kupka-Smale vector field, then dimW
Proceeding the analises as in the proof of Lemma 7, we obtain a contradiction.
CHAIN TRANSITIVITY AND HYPERBOLICITY
This section is devoted to prove the following more general result that will be the key to prove Theorems A and B.
Theorem 9. Let Λ be an isolated set. There exists a residual subset
Let us begin by setting our context and recalling some standard definitions:
Definition 10. A compact invariant set Λ of X is partially hyperbolic if there is a continuous invariant splitting
such that the following properties hold for some positive constants K, λ:
for all x ∈ Λ and t ≥ 0;
for all x ∈ Λ and t ≥ 0.
We say that Λ has contracting dimension d if dim(E
for all x ∈ Λ and t ≥ 0 and all two-dimensional subspace L x of E c x . Here Det(.) denotes the jacobian.
Definition 11.
A seccional hyperbolic set is a partially hyperbolic set with only hyperbolic singularities and the central subbundle is seccional expanding.
Remark 12.
We remark that by hyperbolicity, if O X is a hyperbolic critical orbit of a vector field X then there exists a neighborhood U of O X in M and a
Definition 13. We say that Λ has a index, 0 ≤ Ind(Λ) ≤ n−1, if there are a neighborhood U of X in X 1 (M ) and a neighborhood U of Λ in M such that I(O) = Ind(Λ) for every hyperbolic periodic orbit O ⊂ U of every vector field Y ∈ U. In such a case we say that Λ is strongly homogeneous (of index Ind(Λ)).
Lemma 14.
There is a residual set R of X 1 (M ) such that every X ∈ R satisfies the following property: For any closed invariant set Λ of X, if there are a sequence of vector fields X n converging to X and a sequence of hyperbolic periodic orbits O n of X n with index k verifying
then there is a sequence of hyperbolic periodic orbits Q n of X with index k such that Λ is the Hausdorff limit of Q n .
Proof. Let K(M ) be the space of all nonempty compact subsets of M equipped with the Hausforff metric. Note that K(M ) it is a compact metric space. Consider a countable basis {V n } n∈N of the space K(M ). For each pair (n; k) with n ≥ 1 and k ≥ 0, we define the set A n,k as the set of vector fields such that exist a
there is a hyperbolic periodic orbit Q ∈ V n of Y with index k. Observe that A n,k is an open set. Define B n,k = X 1 (M )\A n,k . Thus the set R = n∈Z + ;k=0,...,dim(M) (A n;k ∪ B n;k )
is residual of X 1 (M ). If X belongs to R satisfies the hypothesis of the lemma in a closed invariant subset Λ of X, then there exist a sequence of vector fields X n converging to X and a sequence of periodic orbits O n of X n with index k such that Λ is the Hausdorff limit of O n .
Since {V n } n∈N is a basis for K(M ), there exist l ∈ N such that Λ ∈ V l . Thus, for n sufficiently large, we have that O n ∈ V l . So, X ∈ A l,k . As X ∈ R, we have X ∈ A l,k and therefore, X has hyperbolic periodic orbit, Q n , in V l with index k. This finishes the proof.
Lemma 15. Let
X ∈ X 1 (M ) a C 1 -
generic vector field and Λ be an isolated set of X. If the hyperbolic periodic orbits of X in Λ have constant index then Λ is strongly homogeneous.
Proof. Let X be a vector field in the residual set of Lemma 14, and assume that the hyperbolic periodic orbits of X in Λ has constant index i. Consider the neighborhoods U n of X in X 1 (M ) and V n of Λ such that U n has radius 1/n and
Suppose that Λ is not strongly homogeneous. Then, for each n ∈ N, there exists a vector fields Y n in U n and hyperbolic periodic orbits O n and Q n of Y n in V n with different indices i and j, respectively. Taking a subsequence if necessary, we can assume that the sequences O n and Q n has constant indices i and j, respectively.
The sequence of vector fields Y n with the hyperbolic periodic orbits O n , Q n satisfies the conditions of the hypothesis of Lemma 14. Then there are sequences of hyperbolic periodic orbits O n and Q n of X, with constant index i and j, respectively, converging to Λ in the Hausdorff distance. Since Λ is an isolated set, X has hyperbolic periodic orbits O 1 and O 2 in Λ with index i and j, respectively. This is a contradiction, and thus we conclude the proof.
As a consequence of Lemmas 8 and 15, we have the following result.
Corollary 16. Let Λ be an isolated set and X
Next, we state the following result verified in [4] .
Proposition 17. A nontrivial transitive set Λ with singularities (all hyperbolic) which is strongly homogeneous satisfying
Ind(σ) > Ind(Λ)(Ind(σ) < Ind(Λ)), ∀ σ ∈ Sing(X) ∩ Λ, is sectional hyperbolic for X (resp.-X). Let X ∈ R be a chain transitive vector field. By Theorem 4, Lemma 7 and Corollary 16, the set Λ satisfies the conditions of Proposition 17. Once any sectional hyperbolic set without singularities is hyperbolic (Hyperbolic lemma of [6] ), we concluded the proof of Theorem 9.
PROOF OF THEOREMS A AND B
Let R be the residual of Theorem 9. In this section we prove that vector fields in R satisfying the hypotheses of Theorems A and B meet also the hypothesis of Theorem 9. To this end, we begin by proving that the limit shadowing property implies chain transitivity.
Proposition 18.
Let Λ an isolated set of X. If X has the limit shadowing property in Λ, then Λ has no proper attractor.
Proof. Assume there is a proper attractor A ⊂ Λ. Then A = ∅ and Λ\A = ∅. Since A is an attractor, there is an ǫ 0 > 0 such that A attracts the open ǫ 0 -neighborhood U of A in Λ. Choose b ∈ Λ\U and a ∈ A. Consider the sequence:
with i ∈ Z. Clearly the sequence {(x i , t i )} i∈Z is a limit-pseudo orbit of X. By the limit shadowing property there are an orientation preserving homemomorphism h and a point z ∈ Λ which shadow positively and negatively the limit-pseudo orbit. Then, there exists N > 0 sufficiently large such that X h(−N ) (z) ∈ U . Thus, X t (X h(−N )) (z) ∈ U for all t > 0. Taking −t k = h(−N ) we have that z = X t k (X −t k (z)) ∈ U . Therefore, by definition of U , we have that
which contradicts (2) and proves the desired.
As a consequence direct of this result, together with Proposition 3, we obtain chain transitivity for vectors fields with the limit shadowing property.
Corollary 19. If X has the limit shadowing property in Λ then X is chain transitive in Λ.
Proposition 20. (Theorem 2.1 of [23] and Theorem 3.1 of [24] ) If X has the (asymptotic) average shadowing property in Λ then X is chain transitive in Λ. Now, for the vector fields of Theorems A and B satisfying the hypotheses of Theorem 9 it suffices to prove that the invariant manifolds of its critical orbits has nonempty intersection.
Let us recall the notions on local stable and unstable manifolds. Given ǫ > 0, the local stable and the local unstable manifold of a hyperbolic critical orbit O of X is defined by
Lemma 22. If X has the shadowing property and is chain transitive in
Proof. Let p, q ∈ Λ two critical points, such that the hyperbolic orbits O(p) and O(q) are disjoint. We analize different cases:
Suppose that p, q ∈ Λ are two hyperbolic periodic points. Given ǫ > 0, by chain transitivity of X in Λ, there is a (δ/2)-pseudo orbit, {(z i , t i )} 0≤i≤K , joining p to q, where δ > 0 is the constant of the shadowing property.
Consider the following sequence of points and times:
The sequence {(x i , t i )} i∈Z is a δ-pseudo orbit. Indeed, we have that
Thus, for all i ∈ Z it holds
Since X has the shadowing property, there is a point w ∈ Λ and an orientation preserving homeomorphism, h : R → R with h(0) = 0, such that
Thus, we obtain the inequalities,
Case 2.
Suppose that p is a hyperbolic periodic point and σ is a hyperbolic singularity. Let u ∈ W u (σ). By chain transitivity of X there is (δ/2)-pseudo-orbit, {(y i , t i )} 0≤i≤T , joining u to p. Consider the sequence:
Note that the sequence {(x i , t i )} i∈Z is a δ-pseudo orbit. Indeed,
By the shadowing property, there is a point w ∈ Λ and an orientation preserving homeomorphisms, α : R → R with α(0) = 0, such that (4) and is satisfied with w and α instead of w and h, respectively. As in (5) we have
Case 3.
Let σ 1 and σ 2 be two hyperbolic singularities saddle-type. Take v 1 ∈ W u (σ 1 ) and v 2 ∈ W s (σ 2 ) and let {( y i , t i )} 0≤i≤N be the δ/2-pseudo orbit joining v 1 to v 2 . Consider the sequences of points and times:
Note that the sequence {(x i , t i )} i∈Z is a δ pseudo-orbit. Indeed,
By the shadowing property, there is a point z ∈ Λ and an orientation preserving homeomorphisms, α : R → R with α(0) = 0, such that (4) is satisfied with z and α instead of w and h. So,
In addition, in all the cases above, if X is C 1 generic, we can take X a Kupka-Smale vector field and, therefore, the intersections are transversal.
4.1.
Proof of Theorem A. Let R ⊂ X 1 (M ) be the residual of the Teorema 9. If X ∈ R satisfies the hypotheses of Theorem A then, by Lemma 22, X satisfy the conditions of Theorem 9. Therefore, Λ is a transitive hyperbolic set.
Lemma 23. If X has the limit shadowing property in
Recall that any O ∈ Crit(X) ∩ Λ is a saddle-type critical orbit.
Proof. Let p and q be hyperbolic critical points of X in Λ such that the orbits O(p) and O(q) are disjoint. By compactness of M there exist K ∈ N such that d(p, q) ≤ K.
Case 1.
Suppose that p and q are hyperbolic periodic points. Consider the limit pseudo orbit {(x i , t i )} i∈Z :
It is easy to see that the sequence {(x i , t i )} i∈Z is a limit pseudo orbit in Λ. Indeed,
So it can be positively and negatively shadowed in limit by the orbit of X through some point z ∈ Λ, that is, there is an orientation preserving homeomorphism h : R → R such that
We prove the claim.
Proof. Given η > 0. Suppose that for all n ∈ N there is a integer i n ≥ n such that
Therefore we obtain a subsequence {(x in , t in )} in∈N of {(x i , t i )} i∈N , satisfying the inequality (7), and consequently (8) . Then,
This contradicts (6) and proves the Claim 1. Now, using that the limit-pseudo orbit {(x i , t i )} i∈Z is shadowed negatively in limit by the orbit of X through the point z ∈ Λ, and proceeding as above, we prove the following claim.
Claim 2.
There is n 1 ∈ N such that for all i > n 1 ,
Returning to the proof of Theorem 23, let N = max {n 0 , n 1 }. By the Claims 1 and 2 above, there is N ∈ N big enough, such that for every i > N it holds:
Thus, we obtain the inequalities:
Then,
As the reparametrization does not change the trajectory, only the speed, by Remark 21
Case 2.
Suppose that p is a hyperbolic periodic point and σ is a hyperbolic singularities saddletype. Let u ∈ W u (σ). Consider the sequence:
Note that the sequence {(x i , t i )} i∈Z is a limit-pseudo orbit. Indeed,
By the limit shadowing property, there is a point w ∈ Λ and an orientation preserving homeomorphisms, h : R → R with h(0) = 0, such that (6) is satisfied with w and h, instead of z and h, respectively.
By claims 1 and 2 of the Case 1, there is M ∈ N large enough such that:
Since,
we obtain that
Case 3.
Let σ 1 and σ 2 be two hyperbolic singularities saddle-type and take v 1 ∈ W u (σ 1 ) and v 2 ∈ W s (σ 2 ). Consider the sequences of points and times:
Note that the sequence {(x i , t i )} i∈Z above is a limit pseudo-orbit. Indeed,
By the limit shadowing property, there is a pointz ∈ Λ and an orientation preserving homeomorphism,h : R → R withh(0) = 0, such that (6) is satisfied withz andh instead of z and h, respectively.
By claims 1 and 2 of Case 1, there is M ∈ N large enough such that:
In addition, if the vector field at the cases above is Kupka-Smale the intersections are transversal.
We do not know how to prove the result above for a vector field X with the (asymptotic) average shadowing (not even generically). But if this condition is satisfied we obtain the hyperbolicity of the isolated set for fields C 1 generic.
Proof of Theorem B.
Let R ⊂ X 1 (M ) be the residual of the Teorema 9. If X ∈ R satisfies the conditions of Theorem B -(1) then, by Corollary 19 and Lemma 23, X verifies the hypothesis of Theorem 9. If X satisfies Theorem B -(2) or (3) then, by Proposition 20, X verifies the conditions of Theorem 9. In any case we conclude that Λ is a transitive hyperbolic set.
THEOREM 2
In the sequel we will consider a vector field X ∈ X 1 µ (M ), where M is a closed Riemannian manifold of dimension n ≥ 3 and Λ is an isolated set of M which is not simply a periodic orbit or a singularity. In this section we will mention the arguments for divergence-free vector fields that permit us proceed as before and obtain the same conclusions of Theorems A and B for such fields.
We point out that Theorems A and B are consequence of Theorem 9 (Section 3). Here, for X ∈ X 1 µ (M ), the key to prove Theorem 2 is a version of Theorem 9 for divergence-free vector fields, that we announce next.
Theorem 24. Let Λ be an isolated set. There exists a residual subset
′ of X in Λ, then Λ is a hyperbolic set and X is topologically mixing in Λ.
Note that Theorem 9 implies that Λ is a transitive hyperbolic set, while Theorem 24 implies that Λ is a topological mixing hyperbolic set. This is due to [7, Theorem 1.1] . The proof of Theorem 24 is analogous to the proof of Theorem 9 and so we will not give the proof in details. Instead, we will point out the necessary steps to adapt the proof of Theorem 9 in this context.
We start recalling that in [36] , the author proved that the set of Kupka Smale vector fields in a manifold with dimension greater or equal than 3 form a C 1 -residual in the X 1 µ (M ). So, all the critical orbits of C 1 -generic divergence-free vector fields in manifolds with dimension greater than 3 are hyperbolics. Now we ennounce a stronger result than Theorem 4. It says that C 1 -generic divergence free vector fields are topological mixing, and therefore, transitive. Next we will use [11, Theorem 3 ] to obtain periodic orbits from this transitivity. For this, first recall that an invariant set Λ is weakly transitive if for any two non-empty open sets U and V that intersect Λ and any neighborhood W of Λ there exists a segment of orbit
Observe that every transitive vector field is also weakly transitive.
Before enunciate [11, Theorem 3] , we let us explain why it is true for divergence-free vector fields. Indeed, its proof follows from a technical perturbation result [11, Proposition 8] , whose proof, by its turn, is based on a connecting lemma, that holds in this setting (conservative flows), see [39, 35] . Moreover, the author has mentioned in his work [11, Subsection 2.5 ] that the perturbation result used holds for conservative systems. Then [11, Theorem 3] is true for divergence-free vector fields and can be state as follows. Let X ∈ X 1 µ (M ) be a Kupka-Smale vector field in the residual R of Theorem 25. Then, Lemmas 6, 7 and 8, stated at Section 2, hold for divergence-free vector fields in R and their proofs follow analogously. Now we explain why the results used in the proof of Theorem 9 holds in the context of divergence-free vector fields. So, we have to check if Lemmas 14 and 15, and Proposition 17 are true for divergence-free vector fields. Since Lemmas 14 and 15 are true for divergence-free vector fields, it remains to verify that Proposition 17 holds in this context. Indeed, Proposition 17, verified in [4] , is a generalization of following result proved in [20, 21, 32] : A C 1 robustly transitive set Λ with singularities (all hyperbolic) which is strongly homogeneous satisfying I(σ) > Ind(Λ) is sectional hyperbolic for X. The authors, in [4] , concluded that is not necessary the condition of robustness of transitivity to obtain the result above. For this is used the notion of preperiodic set [40] , instead of the continuation of a robustly transitive set, as in [20] . More specifically, the authors related the notion of local star flows 2 with nontrivial transitive strongly homogeneous sets and preperiodic sets. For this proof is also used the Pugh's closing lemma, to approximate such sets by periodic orbits. See [20] for more details. Once made these modifications, the proof of Proposition 17 follows similarly to that in [20, 21, 32] . 2 A vector field X is called star vector field in U, where U is an isolating neighborhood, if X has a C 1 neighborhood U ∈ X 1 (M ) such that, for every Y ∈ U , every critical orbits of Y contained in U is hyperbolic.
Next we note that the results mentioned above ( [20, 21, 32] ), hold to divergence-free vector fields. We start by the perturbations lemmas used in the proofs. The C 1 -closing lemma for conservative flows, proved by Pugh and Robinson (see [35] ) and its improved version by Arnaud [5] . Finally, a conservative version of the Ergodic Closing Lemma [5] .
Along the proofs, it is used a kind of Frank's lemma (see [18] ) for conservative flows [9, Lemma 3.2]. Its proof is obtained using techniques of Pasting Lemma [3] that is also true in the conservative context for X ∈ X ′ ], were also proved for conservative flows (see [2, 17] ). So, we concluded that Proposition 17 is true for divergence-free vector fields. And now we are ready to sketch the proof of Theorems 24 and 2. In any case we conclude that Λ is hyperbolic and X is topologically mixing in Λ.
